Abstract We show that if M is a hyperbolic 3-manifold which admits a quasigeodesic flow, then π 1 (M ) acts faithfully on a universal circle by homeomorphisms, and preserves a pair of invariant laminations of this circle. As a corollary, we show that the Thurston norm can be characterized by quasigeodesic flows, and we give the first example of a closed hyperbolic 3-manifold without a quasigeodesic flow, answering a longstanding question of Thurston.
Introduction

Motivation and background
Hyperbolic 3-manifolds can be studied from many different perspectives. A very fruitful perspective is to think of such manifolds as dynamical objects. For example, a very important class of hyperbolic 3-manifolds are those arising as mapping tori of pseudo-Anosov automorphisms of surfaces [20] . Such mapping tori naturally come with a flow, the suspension flow of the automorphism. In the seminal paper [4] , Cannon and Thurston showed that this suspension flow can be chosen to be quasigeodesic and pseudo-Anosov. Informally, a flow on a hyperbolic 3-manifold is quasigeodesic if the lifted flowlines in the universal cover are quasi-geodesics in H 3 , and a flow is pseudo-Anosov if it looks locally like the suspension of a pseudo-Anosov automorphism of a surface. Of course, such a flow need not have a global cross-section. See [20] and [6] for background and definitions.
Cannon and Thurston use these two properties to prove that lifts of surface fibers extend continuously to the sphere at infinity of M , and their boundaries therefore give natural examples of Peano-like sphere filling curves.
In [16] and [17] , Mosher (following Gabai), generalizes [4] by constructing examples of pseudo-Anosov flows almost transverse to any finite depth coorientable taut foliation. In [8] , Fenley and Mosher prove that these flows are actually quasigeodesic. In particular, quasigeodesic flows exist on any closed hyperbolic 3-manifold which is not a rational homology sphere.
All known examples of pseudo-Anosov flows are quasigeodesic, and it is consistent with all known examples that all quasigeodesic flows are homotopic (as oriented line fields) to pseudo-Anosov flows. On the other hand, the existence of a pseudo-Anosov flow on a 3-manifold has many important consequences. For example, a pseudo-Anosov flow gives rise to a pair of singular stable and unstable foliations, which can be split open to a pair of transverse genuine laminations. Genuine laminations were introduced in [11] , and it is known that they certify many useful properties of a 3-manifold [9] , [10] .
Moreover, in [3] , Calegari and Dunfield show that if M admits a pseudoAnosov flow X , then π 1 (M ) acts faithfully on a circle by homeomorphisms, and preserves a pair of laminations of this circle. Here a lamination of a circle is the boundary data inherited by the circle at infinity from a geodesic lamination of the hyperbolic plane. Again informally, a lamination of a circle is just a closed, unlinked subset of the space of pairs of distinct points in S 1 . We give more precise definitions in the sequel.
In [3] , these (1-dimensional) dynamical properties of fundamental groups of 3-manifolds admitting pseudo-Anosov flows were exploited to give the first example of a hyperbolic 3-manifold without a pseudo-Anosov flow. The example is the Weeks manifold, the smallest known closed hyperbolic 3-manifold, which can be obtained for instance by 5/1, 5/2 surgery on the Whitehead link in S 3 .
In this paper, we show that a quasigeodesic flow on a hyperbolic 3-manifold gives rise to a similar dynamical package for π 1 (M ): in particular, we show that for M a hyperbolic 3 manifold with a quasigeodesic flow, there is a faithful action of π 1 (M ) on a circle by homeomorphisms, which preserves a pair of laminations of this circle. In this way, our theory lets us promote a codimension 2 structure (a flow on a 3-manifold) to a codimension 1 structure (laminations on a circle). Dually, our theory reduces the analysis of holonomy on a two-dimensional leaf space to the dynamics of π 1 (M ) on a compact one-dimensional manifold. Experience has shown that the theory of actions of groups on 1-dimensional objects is rich and profound, whereas the theory of group actions on 2-manifolds remains somewhat elusive; therefore we think that this dimensional reduction is significant. An important application of our structure theory is that the unit ball of the (dual) Thurston norm on cohomology can be detected by quasigeodesic flows. A basic reference for the Thurston norm is [19] . A flow on a 3-manifold is orthogonal to an oriented 2-plane distribution. Such a distribution has a welldefined integral Euler class, which is an element of H 2 (M ). The Milnor-Wood inequality together with our structure theory implies that the set of classes obtained from quasigeodesic flows are contained in the unit ball of the dual Thurston norm. Conversely, [17] and [8] show that every extremal class is realized by some quasigeodesic pseudo-Anosov flow. In particular, the unit ball can be characterized as the convex hull of such flow classes.
As another important corollary, the calculations of [3] show that the Weeks manifold does not admit a quasigeodesic flow. This is the first known example of a hyperbolic 3 manifold without a quasigeodesic flow, thereby answering in the negative a long-standing question of Thurston. This example is not sporadic: combined with an important recent result of Fenley in [7] , our results imply that there are infinitely many closed hyperbolic 3-manifolds without quasigeodesic flows.
Statement of results
In §2, we introduce the class of product covered flows. These are flows on a 3 manifold M which lift to give a product structure R × R 2 on the universal cover M , where the flowlines l are the factors R × point. We show that this topological definition is equivalent to a geometric definition, that flowlines on M are uniformly properly embedded; that is, that distances in M as measured along flowlines, and as measured in the hyperbolic metric, are comparable at every scale.
In §3 we show that quasigeodesic flows on hyperbolic 3 manifolds are uniformly quasigeodesic. That is, if X is a flow on M such that flowlines on M are all quasigeodesic, then there is a uniform k such that every flowline is actually k -quasigeodesic. In particular, such a flow is uniform in the sense of §2, and therefore product covered.
It follows that the natural holonomy representation of π 1 (M ) on the leaf space of the flow on M is actually an action by homeomorphisms on the plane R 2 .
In §4 we introduce natural equivalence relations on this R 2 , and use the holonomy action of π 1 (M ) to construct two universal circles, which parameterize the action at infinity. Our first main result is the following: Theorem A Let M be a closed hyperbolic 3-manifold with a quasigeodesic flow X . Then there are faithful homomorphisms
where (S 1 univ ) ± are topological circles, called the universal circles of X .
As remarked in the introduction, this easily leads to the corollary that the Weeks manifold admits no quasigeodesic flow.
In §5 we compare the two circles (S 1 univ ) ± and show that they can be collated into a single master circle S 1 univ . More precisely, we prove:
Theorem B Let M be a closed hyperbolic 3-manifold with a quasigeodesic flow X . Then there is a canonical circle S 1 univ , a faithful homomorphism
and natural monotone maps
Moreover, there are a pair of laminations Λ ± univ of S 1 univ which are preserved by π 1 (M ), and satisfy
Finally, in §6 we draw some easy corollaries of our structure theory. We prove:
Theorem C Let M be a closed orientable hyperbolic 3-manifold. Then the convex hull of the set of Euler classes e(X) as X varies over the set of quasigeodesic flows on M is exactly the unit ball of the dual Thurston norm on H 2 (M ).
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Product covered flows
A flow on a manifold M is just a C 1 action of R. That is, a C 1 map
such that X(t, X(s, m)) = X(t + s, m) for all t, s ∈ R and m ∈ M . A flow is nonsingular if this action is locally free; i.e. for each p ∈ M and each t ∈ R, the derivative
is nonvanishing. In this case, the orbits of X give an oriented 1-dimensional foliation of M , which we denote X F . Two different nonsingular flows define the same foliation iff they differ by a reparameterization; conversely, a nonsingular 1-dimensional oriented foliation defines a flow by parameterizing each flowline by arclength.
Definition 2.1 Let X F be the pulled back foliation of a flow X on M . The leaf space of X F is the quotient space of M by the equivalence relation p ∼ q if p and q are contained in the same flowline of X F .
The leaf space of X F is rarely Hausdorff, but if it is, it is a simply connected 2-manifold. The interesting case for our analysis will be where this leaf space is R 2 rather than S 2 Definition 2.2 A flow X on a 3-manifold M is called product covered if the pullback of the foliation X F to the universal cover M is topologically equivalent to the product foliation of R 3 by vertical lines.
If X is product covered, we denote the quotient map from M to the leaf space of X F by
Example 2.3 A linear flow on the torus T 3 lifts to a linear flow on R 3 , and is therefore product covered.
Example 2.4
Let M be a 3-manifold, and let G be an R-covered foliation. That is, a co-oriented codimension one foliation such that the space of leaves of the pullback foliation G of the universal cover M is homeomorphic to R. A transverse flow X is regulating if every leaf of G intersects every flowline of X F . Every regulating flow is product covered. Moreover, every R-covered foliation admits a regulating flow. See [1] for details.
Definition 2.5 A flow X is uniform if there is a proper monotone increasing function f : R + → R + such that for any flowline l of X F , and any two points p, q ∈ l, there is an inequality
with respect to any fixed Riemannian metric on M pulled back from M .
In other words, there is a uniform comparison between distance as measured in a flowline, and distance as measured in M . Notice that with this definition, if M is a circle bundle over S 2 , and X is the flow which rotates the circles at some speed, then X is uniform. On the other hand, this case is exceptional: we show now that if M is not a circle bundle over S 2 , any uniform flow is product-covered.
Lemma 2.6
Suppose X is a flow on a closed 3-manifold M . Then X is product-covered iff X is uniform and M is not a circle bundle over a sphere.
Proof Suppose the leaf space of X F is not Hausdorff. Then there are distinct flowlines l, m of X F containing points p ∈ l, q ∈ m, and a sequence of flowlines l i of X F and points p i , q i ∈ l i such that p i → p, q i → q . Since the sequences p i and q i are convergent, the distance
On the other hand, since flowlines converge on compact subsets, the distance between p i and q i in l i goes to infinity. But this violates uniformity. It follows that for X uniform, the leaf space of X F is Hausdorff.
Conversely, if X is not uniform, there are flowlines l i of X F and pairs of points p i , q i ∈ l i such that the distance from p i to q i in M is bounded, but the distance in l i diverges. Translate l i by some elements α i ∈ π 1 (M ) so that α i (p i ) is contained in some fixed fundamental domain. Since the distance from p i to q i is uniformly bounded, there is some subsequence so that α i (p i ) → p and α i (q i ) → q . If p, q are on the same flowline l of X F , then they can be joined by a subarc of length t. It follows that the subarcs of
have length converging to t, contrary to our assumptionl. Therefore p, q are on distinct flowlines, and the leaf space of X F is not Hausdorff.
If the leaf space X F is Hausdorff, it is an open, simply connected 2-manifold; in particular, it is either a plane, in which case X is product-covered, or a sphere, in which case M fibers over S 2 , and M is a circle bundle over S 2 , as required.
Quasigeodesic flows are uniformly quasigeodesic
In this section we show that a flow on a hyperbolic 3-manifold, all of whose flowlines lift in the universal cover to quasigeodesics, is actually uniformly quasigeodesic. In particular, such a flow is uniform, and therefore productcovered. This discussion involves the basic elements of the theory of coarse geometry; a reference is [12] .
If k is understood or undetermined, we talk about quasi-isometric embeddings and quasigeodesics respectively.
The following elementary lemma is well-known. A proof is found in [14] Lemma 3.2 Let γ be a k -quasigeodesic segment, ray or line in H n . Then there is a geodesic γ g with the same endpoints, such that γ and γ g are distance at most 2 8 k 4 apart in the Hausdorff metric.
Definition 3.3 A C 1 flow X on a 3-manifold is quasigeodesic if each leaf l of X F with its induced length metric, is a quasigeodesic in M . A flow X is uniformly quasigeodesic if there is a constant k such that each leaf l of X F is a k -quasigeodesic.
Remark 3.4
Note that since M is compact and X is C 1 , the parameterizations of leaves l of X F by arclength or by the flow are uniformly comparable.
The following definition is due to Gromov: Definition 3.5 Gromov A path l in H n is locally k quasigeodesic on the scale c if for all pairs of points p, q ∈ l which are distance t ≤ c apart in l, the points p, q are distance ≥ t/k − 1 apart in H n . If the number c is understood, we just say l is k -locally quasigeodesic
The following lemma is the content of remark 7.2.B in [12] , applied to paths in H n :
Lemma 3.6 (Gromov) For every k > 1 there is a universal scale c(k) such that if l is a path in H n which is locally k quasigeodesic on the scale c(k), then l is (globally) 2k quasigeodesic.
In particular, if l is a path in H n which is not 2k quasigeodesic, there is a subsegment of l of length ≤ c(k) which is not k quasigeodesic. The function c(k) = 1000k 2 works for sufficiently large k .
Lemma 3.7 Let M be a closed hyperbolic 3-manifold. Then every quasigeodesic flow X on M is uniformly quasigeodesic.
Proof Suppose to the contrary that we can find a sequence l i of flowlines of X F which are k i -quasigeodesic for some minimal k i , where k i → ∞. By refining the sequence if necessary, we can assume k i > 2 i . So l i is not 2 i quasigeodesic, and therefore by lemma 3.6, it contains a segment l i i of length at most c(2 i ) which is not 2 i−1 quasigeodesic. But then l i i contains a subsegment l i−1 i of length at most c(2 i−1 ) which is not 2 i−2 quasigeodesic, and so on. Continuing inductively, we find a nested sequence of segments
where each l j i has length at most c(2 j ), and is not 2 j−1 quasigeodesic. Here n is some universal constant (e.g. n = 100) which should be fixed independently of i. Let p i be the midpoint of l n i , and fix a sequence of elements α i ∈ π 1 (M ) such that α i (p i ) are contained in a fixed fundamental domain of M . Choose a convergent subsequence, so that α i (p i ) → p where p is contained in some flowline l. Since the flowlines α i (l i ) converge on compact subsets, it follows that the nested segments
To see this, observe that each α i (l j i ) has length bounded by c(2 j ), and contains a point α i (p i ) in a fixed fundamental domain. So the family α i (l j i ) is precompact, and some subsequence converges to some l j . Since l j is contained in l, it is unique, and therefore we did not actually need to pass to a subsequence to get convergence.
By construction, for each k , each l k j is not 2 k−1 quasigeodesic, so the same is true of l k . It follows that l is not 2 k quasigeodesic for any k . But l is a flowline of X , so this violates the hypothesis.
This contradiction proves the lemma. Remark 3.8 Gromov's lemma holds for an arbitrary δ -hyperbolic geodesic metric space, where now we must insist that our paths are locally k -quasigeodesic on the scale c(k, δ). It follows that lemma 3.7 also applies to δ -hyperbolic 3-manifolds.
Theorem 3.9 Let X be a quasigeodesic flow on a closed hyperbolic 3-manifold. Then X is product-covered.
Proof By lemma 3.7, the flowlines of X F are uniformly k quasigeodesic. In particular, the flow X is uniform. But then the theorem follows from lemma 2.6 Example 3.10 Let M be a surface bundle over a circle, and let G be the foliation by surfaces. Let X be any transverse flow. Then flowlines of X F are uniformly quasigeodesic. To see this, let α be a nonsingular closed 1-form whose kernel is tangent to G . Then α(X) is bounded below by some ǫ > 0, whereas |α| (with respect to the hyperbolic metric) is bounded above by some K . It follows that flowlines of X F are uniformly K/ǫ quasigeodesic.
Example 3.11
In [16] , Mosher constructs an example of a hyperbolic 3 manifold M containing a quasifuchsian surface S , and a flow X on M such that away from a single closed orbit γ , every flowline intersects S . It follows that every flowline of X F either crosses lifts of S with definite frequency, or else spends a lot of time very close to lifts of γ . In particular, in either case, the flowline is quasigeodesic, and therefore flowlines are uniformly quasigeodesic.
Construction of the universal circles
In this section we construct two universal circles for a quasigeodesic flow X on a hyperbolic 3-manifold, and show that there are two natural faithful homomorphisms from π 1 (M ) to Homeo + (S 1 ). Throughout this section and the following one, we make use of some elementary properties of circular orders and the order topology. A reference for this material is [2] .
We first construct natural endpoint maps from the leaf space of X F to the Gromov boundary S 2 ∞ of M = H 3 .
Construction 4.1 Let X be a quasigeodesic flow on a closed hyperbolic 3-manifold M . By lemma 3.7, the flowlines of X F are uniformly k quasigeodesic. By theorem 3.9, the leaf space of X F is R 2 . In particular, the action of π 1 (M ) on M induces a holonomy representation
Since each flowline l of X F is a quasigeodesic, there are two well-defined endpoint maps
where S 2 ∞ denotes the sphere at infinity of H 3 = M . Thinking of a flowline l of X F as a point in the leaf space R 2 , we define e ± (l) to be the positive and negative endpoints of the unique oriented geodesic in H 3 which is a finite Hausdorff distance from l.
Lemma 4.2
The endpoint maps e ± are continuous.
Proof If l is a complete k -quasigeodesic in H 3 , then by lemma 3.2, the geodesic l g with the same endpoints is contained in the 2 8 k 4 neighborhood of l, and vice versa. In particular, if l i is a sequence of flowlines of X F which converges on compact subsets to l, then the straightened geodesics (l i ) g eventually contain arbitrarily long segments which are contained in the 2 9 k 4 neigbhorhood of l g . If (l i ) g , l g are two hyperbolic geodesics which are 2 9 k 4 close on a segment of length t, then they are 2 9 k 4 e −t close on a subsegment of length t/2. In particular, the straightened geodesics (l i ) g converge to l g on compact sets, and therefore the endpoint maps are continuous.
Lemma 4.3
The images e ± (R 2 ) are both dense in S 2 ∞ .
Proof Since M is a closed hyperbolic 3-manifold, any π 1 (M )-invariant subset of S 2 ∞ is dense. The lemma follows.
Lemma 4.4 Let γ ⊂ R 2 be an embedded circle, and D ⊂ R 2 the region bounded by γ . Then there is an equality of images
Proof For concreteness we concentrate on e + . Suppose to the contrary that there is p ∈ e + (D) which is not in the image of e + (γ).
Let σ : D → M be a section of π X . That is, we suppose that
is the identity.
Let S ⊂ M be the union of σ(D) and the positive rays contained in the flowlines of X F which emanate from σ(γ). Then the positive rays contained in flowlines of X F which emanate from σ(D) limit to points in e + (D). Orient S so that the positive side of S is the side which contains these positive rays.
Since flowlines of X F are uniformly quasigeodesic, the closure of S in M is just S ∪e + (γ). Then for any point q ∈ e + (D) which is not in e + (γ), and for any sequence q i ∈ H 3 limiting to q ∈ S 2 ∞ , the sequence q i is eventually contained on the positive side of S . Now, by lemma 4.3, there is some flowline l of X F with e − (l) arbitrarily close to p. It follows that the negative end of l is contained on the positive side of S . But if any point r ∈ l is on the positive side of S , then the negative ray contained in l must intersect σ(D), and the negative end of l is contained on the negative side of S . This contradiction proves the lemma.
Lemma 4.5 For every point p ∈ S 2
∞ in the image of e + , every connected component of (e + ) −1 (p) is noncompact.
Proof Suppose not. Since preimages of points are closed, there is some compact connected component K of (e + ) −1 (p). Then there is a loop γ ⊂ R 2 separating K from infinity which avoids (e + ) −1 (p). But then e + (γ) does not contain p, contradicting lemma 4.4.
Construction 4.
6 Let e ± : R 2 → S 2 ∞ be the endpoint maps from construction 4.1. These maps define equivalence relations ∼ ± on R 2 , where the equivalence classes of ∼ + are the connected components of the preimages of points in S 2 ∞ under e + . The relation ∼ − is defined similarly. Since the maps e ± are natural, the equivalence classes of ∼ ± are permuted by π 1 (M ) and the maps e ± factor through the quotient spaces T ± = R 2 / ∼ ± . Let
denote the quotient maps, and
the induced maps on the factor spaces, so that ι ± • π ± = e ± .
Definition 4.7 For each
[k] ∈ T ± , let k be the corresponding closed, connected subset of R 2 . Define E [k] to be the set of ends of k , thought of as a subset of R 2 . Define
and define E − similarly.
Lemma 4.8
There is a natural circular ordering on the set E ± which is preserved by the action of π 1 (M ).
Proof Let e i ∈ E [k i ] be distinct elements of E + , for i = 1, 2, 3. Of course, k i and k j might not be distinct if e i = e j , but in this case, the ends e i , e j of
By removing a compact subset from k i in the case k i = k j , we can replace the k i by disjoint connected sets k ′ i so that the e i are ends of
Then we can find disjoint proper rays r i which exit the ends of U (k ′ i ) corresponding to e i .
We circularly order the r i as follows. Let D be a sufficiently large closed disk in R 2 which intersects all the r i . Let p i be the unique points on r i ∩ ∂D such that r i \p i consists of two components, of which the unbounded one is disjoint from D. Then the circular order on ∂D defines a circular order on p i and therefore on r i .
To see that this is well-defined, suppose without loss of generality that we replace r 1 with a different proper ray r ′ 1 exiting the same end of U (e 1 ). Then there are a sequence of arcs α j from r 1 to r ′ 1 which are contained in U (e 1 ), and which exit every compact component. Such arcs are disjoint from the other rays r 2 , r 3 , and therefore they certify that the circular order of r 1 , r 2 , r 3 agrees with the circular order of r ′ 1 , r 2 , r 3 .
Lemma 4.9
Let e ∈ E + be arbitrary. Then the stabilizer of e in π 1 (M ) is either trivial or cyclic.
Proof If α ∈ π 1 (M ) fixes e ∈ E [k] , then ρ hol (α) must fix k , and therefore α must fix e + ([k]) ∈ S 2 ∞ . But since M is a closed hyperbolic 3-manifold, the stabilizer of any point in S 2 ∞ is cyclic, as claimed.
Construction 4.10
We topologize E ± by the order topology, and take their completions E ± with respect to this topology. This makes them into compact circularly ordered sets, and therefore they are naturally order isomorphic to some compact subset of S 1 . By quotienting out complementary intervals to the image of this subset, we get natural surjections to two circles
Since this construction is natural, the action of π 1 (M ) on E ± extends to an action on E ± which factors through to an action on (S 1 univ ) ± . The induced representations
are actually orientation preserving, since ρ hol is orientation preserving.
We now prove the first main result of the paper:
Theorem A Let M be a closed hyperbolic 3-manifold with a quasigeodesic flow X . Then there are faithful homomorphisms
Proof In construction 4.10 we actually construct two natural circles (S 1 univ ) ± and natural homomorphisms
The maps E ± → (S 1 univ ) ± are at most 2-1. Moreover, any homeomorphism of E ± which preserves such a pair of points as a set, must actually preserve them pointwise, by orientability. It follows that point stabilizers are cyclic. Moreover, since e + (R 2 ) is dense in S 2 ∞ , it contains at least 3 points, so any nontrivial element of π 1 (M ) must fail to fix at least some k in the preimage of one of them, and therefore must fail to fix some [k] ∈ E + . So the actions on (S 1 univ ) ± are both faithful.
Corollary 4.11
The Weeks manifold does not admit a quasigeodesic flow.
Proof In [3] , Nathan and I showed that the fundamental group of the Weeks manifold does not act faithfully on a circle. It follows from theorem A that the Weeks manifold does not admit a quasigeodesic flow.
Properties of the universal circles
In this section, by studying the properties of ∼ ± in more detail, we construct a pair of π 1 (M )-invariant laminations (to be defined below) Λ ± for (S 1 univ ) ± , and use this structure to produce a single canonical circle S 1 univ which maps monotonically to each (S 1 univ ) ± .
Lemma 5.1
There is a natural topology on R 2 ∪ (S 1 univ ) + which gives it a compactification as a closed disk (D 2 univ ) + , and similarly for (S 1 univ ) − .
Proof We define the topology on
univ ) + is arbitrary, we define a basis for the topology near p as follows. Let I i be a nested sequence of closed intervals in (S 1 univ ) + which converge to p in the Hausdorff sense, and such that the endpoints (I i ) l , (I i ) r correspond to ends e l i , e r i of equivalence classes k l i , k r i of ∼ + . Let r l i , r r i be proper rays contained in small open tubular neighborhoods of k l i , k r i , which are eventually disjoint from every equivalence class k of ∼ + except for k l i or k r i , and which go out the ends corresponding to e l i , e r i , and let τ i be an arc joining the initial point of r l i to the initial point of r r i . Then the union r l i ∪ τ i ∪ r r i separates R 2 into two open sets U, V , one of which (say U ) contains an end e p ′ of some k p ′ which corresponds to some p ′ ∈ int(I i ).
Then we define U ∪ int(I i ) to be an open neighborhood of p in R 2 ∪ (S 1 univ ) + . One can check that this topology is Hausdorff, and every point in (S 1 univ ) + has a neighborhood homeomorphic to the intersection of the open unit disk in R 2 with the closed upper half-plane. So the union is a surface with boundary, and interior R 2 . That is, the union is a closed disk, which we denote by (D 2 univ ) + .
Lemma 5.2 Some equivalence class
Proof Suppose not. Then each equivalence class k of ∼ + has a single end, and we can define a retraction from (D 2 univ ) + to its boundary (S 1 univ ) + by sending k to this end. We show that this map is continuous. Let k be an equivalence class, let k l , k r be two other equivalence classes, and let e, e l , e r denote the three unique ends of these equivalence classes. We can join k l to k r by a compact arc τ which avoids k . Let I ⊂ (S 1 univ ) + be the open interval complementary to e l , e r containing e.
Suppose p i → p ∈ k is a convergent sequence, and suppose p i is in the equivalence class k i . By the definition of the equivalence relation ∼ + , if k i → K in the Hausdorff sense, then k contains a connected component of K . Moreover, the connected components of K are contained in equivalence classes of ∼ + .
If there is some other connected component k ′ , then either the unique end of k ′ and k are on the same side of k l ∪ k r ∪ τ , or else k i intersects τ for sufficiently large i, and therefore K ∩ τ is nonempty. In the second case, since τ is arbitrary, it follows that K intersects every arc τ joining k l to k r , and therefore some connected component of K separates k l from k r , contrary to our assumption that no equivalence class of ∼ + is separating.
It follows that the ends of k ′ and k are on the same side of k l ∪ k r ∪ τ , and therefore limit to points in I . But I was arbitrary, so k and k ′ limit to the same point in (S 1 univ ) + , and therefore the retraction map is continuous. But this is absurd, since there is no continuous retraction from a closed disk to its boundary. In particular, some equivalence class is separating, as claimed.
Definition 5.3
A lamination Λ of S 1 is a closed subset of the space of unordered distinct pairs of points in S 1 with the property that for any two elements {a, b} and {c, d} of Λ, the pair of points {a, b} does not link the pair of points {c, d} in S 1 (though it might share one or both points in common.) We also abbreviate this last condition by saying that Λ is unlinked as a subset of the space of unordered distinct pairs of points in S 1 . We sometimes refer to elements of Λ as leaves; see also construction 5.7.
The existence of a separating equivalence class lets us define naturally a pair of laminations of (S 1 univ ) ± .
Construction 5.4
Let k be an equivalence class of ∼ + . If k is separating, then k has at least two ends. Let E [k] denote the set of ends of k , and let E [k] denote its closure in (S 1 univ ) + . Then this closure has at most cyclic stabilizer, by the argument of lemma 4.9. In more detail, if e ∈ E [k] , and α ∈ π 1 (M ), then α(e) ∈ E [α(k)] . Now, since k and α(k) are closed, either k = α(k), or they are contained in disjoint open sets, and therefore α(e) is not in the closure
∞ . The subgroup of π 1 (M ) which stabilizes a point in S 2 ∞ is cyclic, as claimed. In particular, the closure E [k] is nonempty, if k is separating, it contains at least 2 points, and it is not equal to all of (S 1 univ ) + . We let Λ [k] be equal to the set of pairs of endpoints of closures of complementary intervals of E [k] . Then Λ [k] is unlinked, and if k is separating, it is nonempty. Now, define
where k ranges over equivalence classes of ∼ + .
It is clear that Λ + is closed and nonempty. We verify that it is unlinked. To do this, it suffices by continuity to prove that
But this follows from the fact that k, k ′ are disjoint in R 2 , so any two ends of k ′ are contained on the same side of k , and vice versa.
We summarize this construction in a lemma:
Lemma 5. 5 The representations ρ ± univ preserve nonempty laminations Λ ± of (S 1 univ ) ± .
Proof This follows from lemma 5.2 and construction 5.4.
Lemma 5. 6 The set of endpoints of leaves of Λ ± is dense in (S 1 univ ) ± .
Proof For concreteness, we study the case of Λ + and (S 1 univ ) + . Suppose not, so that there is some interval I ⊂ (S 1 univ ) + which does not intersect the endpoint of any leaf of Λ + . In particular, for every equivalence class k of ∼ + with an end e which is contained in I , the equivalence class k has a single end. By the definition of the topology on (D 2 univ ) + , the union U of such equivalence classes is open and connected, and every complementary region is noncompact. So U is homeomorphic to an open disk. We let O = U ∪ I , and let K = (D 2 univ ) + \O. Define D to be the quotient space of (D 2 univ ) + obtained by quotienting K to a point. Then D is topologically a disk, with boundary equal to the quotient of I by the relation which collapses the two endpoints to a single point.
Since each point p in the interior of D is contained in an equivalence class k of ∼ + with a single end e contained in I , there is a retraction of D to ∂D which sends p to e. By the argument of lemma 5.2, this retraction is continuous. But there is no continuous retraction from a disk to its boundary; this contradiction shows that no such interval I can exist, and endpoints of leaves of Λ + are dense in (S 1 univ ) + , as required.
A lamination of a circle S 1 spans a geodesic lamination of a disk, according to the following construction. For definitions and basic properties of geodesic laminations of hyperbolic surfaces, see [5] .
Construction 5.7
By thinking of S 1 as the boundary of the hyperbolic plane H 2 in the unit disk model, we can span each element of a lamination {a, b} ∈ Λ by the unique hyperbolic geodesic l {a,b} joining a to b. The properties of Λ imply that this union of geodesics is embedded and closed, and is therefore a geodesic lamination of H 2 which we denote by Λ geo .
Proof By definition, if K = k + ∩ k − is the intersection, then every two flowlines l 1 , l 2 of X F corresponding to points l 1 , l 2 ∈ K have the same endpoints in S 2 ∞ . By lemma 3.7 and lemma 3.2, the flowlines l 1 and l 2 are distance ≤ 2 9 k 4 apart in the Hausdorff metric. In particular, the union X F (K) of all flowlines corresponding to points in K is itself a finite Hausdorff distance from a geodesic, and therefore intersects a cross-section of the flow in a compact set.
We now have all the necessary tools to compare the circles (S 1 univ ) + and (S 1 univ ) − .
Theorem B Let M be a closed hyperbolic 3-manifold with a quasigeodesic flow X . Then there is a canonical circle S 1 univ , a faithful homomorphism ρ univ : π 1 (M ) → Homeo + (S 1 univ ) and natural monotone maps
be an equivalence class of ∼ + . By lemma 5.8, for each equivalence class k ′ of ∼ − , the intersection k ∩ k ′ is compact. Let k ′ be a separating equivalence class of ∼ − . Then every end of k is on one side of k ′ or the other. In this way, we associate to an end e of k a complementary interval
where k ′ varies over equivalence classes of ∼ − .
Then I(e) is a nonempty closed, connected subset of (S 1 univ ) − which contains no endpoint of any leaf of Λ
in its interior, and therefore by lemma 5.6, it is equal to a single point of (S 1 univ ) − . Similarly, for e ∈ E − , we can define a point J(e) ⊂ (S 1 univ ) + . Notice that by lemma 5.8, the image I(E + ) is contained in (S 1 univ ) − \E − and J(E − ) is contained in (S 1 univ ) + \E + . Now, the maps I and J are not necessarily continuous. But they are order nonreversing in the sense that if (x, y, z) ∈ (E + ) 3 is a positively ordered triple, then whenever I(x), I(y), I(z) are distinct, the triple (I(x), I(y), I(z)) ∈ ((S 1 univ ) − ) 3 is also positively ordered.
In particular, for each p ∈ (S 1 univ ) − say, the preimage I −1 (p) ⊂ E + inherits a well-defined total order from E + . It follows that we can define a natural circular order on E = E − ∪ E + by inserting each subset I −1 (p) of E + into the appropriate gap p in the circular ordering on E − . It is easy to see that this gives the same circular order as we would get by inserting subsets J −1 (q) of E − into gaps q in the circular ordering on E + .
As before, we can take the order completion of E , embed it in an orderpreserving way as a subset of S 1 , and quotient out complementary intervals to produce a circle S 1 univ . The monotone maps φ ± are defined on E by φ + (e) = e if e ∈ E + , and φ + (e) = J(e) if e ∈ E − . These maps extend by continuity to S 1 univ . It remains to define the laminations Λ ± univ . For each leaf l = (a, b) of Λ + whose endpoints are in E + , let l univ be the leaf with the same endpoints {a, b} ⊂ E + ⊂ E . Then define Λ + univ to be the closure of the union of the leaves obtained this way. Define Λ − univ similarly. Since leaves with endpoints in E + are dense in Λ + , this has the desired properties.
Remark 5. 9 We point out that the circular order on E = E + ∪ E − can be seen at the level of subsets of R 2 . If e 1 , e 2 , e 3 are ends of k 1 , k 2 , k 3 , each of which is an equivalence class of either ∼ + or ∼ − , then by lemma 5.8, outside some compact ball D, the subsets k i are disjoint, and we can take disjoint open neighborhoods around them and find proper rays r i contained in these neighborhoods which go out the ends corresponding to e i . Since the rays r i are disjoint, they admit a natural circular order, which defines a circular order on E . Corollary 5. 10 There are infinitely many closed hyperbolic 3-manifolds without quasigeodesic flows.
Proof In [7] , Fenley shows that there are infinitely many hyperbolic surgeries M i on certain once-punctured torus bundles over the circle with the property that every action of π 1 (M i ) on an order tree has a global fixed point. Consider the manifold M = M i . Suppose that M admits a quasigeodesic flow X . By theorem B, π 1 (M ) acts faithfully on the order tree dual to the laminations Λ ∞ . But the stabilizer of any point in S 2 ∞ is cyclic; this contradiction shows that M does not admit a quasigeodesic flow, and the theorem is proved.
Quasigeodesic flows and the Thurston norm
In this section we demonstrate that the Thurston norm on a hyperbolic 3-manifold M can be characterized in terms of the homotopy classes of quasigeodesic flows that M supports. A basic reference for the Thurston norm is [19] . Another useful reference is [18] . Definition 6.1 Let X be a flow on an oriented 3-manifold M . Let ξ be a complementary oriented 2-plane field, so that T X ⊕ ξ = T M as oriented bundles. Let e(ξ) ∈ H 2 (M ; Z) be the obstruction to trivializing ξ as a bundle. By abuse of notation, we denote the image of e(ξ) in H 2 (M ; R) by e(X). where α ranges over π 1 (M ), and m ∈ M , θ ∈ S 1 univ are arbitrary. Let U ξ denote the circle bundle of unit vectors in ξ .
Lemma 6.2
The circle bundles U ξ and E ρ are isomorphic.
Proof At each point x ∈ M , the plane ξ may be thought of as the tangent space at x to the leaf space R 2 of X F . Moreover, R 2 can be thought of as the interior of D 2 univ whose boundary is S 1 univ . By blowing up R 2 at x, we may replace D 2 univ by an annulus whose two boundary components are canonically identified with S 1 univ and with U ξ respectively. In particular, the circle bundles U ξ and E ρ cobound an annulus bundle over M . Since this annulus bundle deformation retracts to either boundary component, a standard argument implies that E ρ and U ξ are isomorphic as bundles. See e.g. [13] .
We make use of a standard inequality known as the Milnor-Wood inequality, which is an inequality on the Euler class of a foliated circle bundle over a surface. See [15] and [23] for details. With this inequality available to us, it is straightforward to prove the main result of this section.
Proof Let X be a quasigeodesic flow on M , and let ξ be a complementary 2-plane field. Then by lemma 6.2, U ξ is isomorphic as a circle bundle to the foliated bundle E ρ . Let Σ be a surface in M which is Thurston norm minimizing for its homology class, so that Σ T = −χ(Σ) where · T denotes the Thurston norm. The bundle E ρ restricts to a foliated circle bundle over Σ, so by the Milnor-Wood inequality theorem 6.3, we have |e(X)[Σ]| ≤ Σ T ; that is, e(X) is contained in the unit ball of the Thurston norm.
Conversely, Gabai and Mosher [17] constructed a pseudo-Anosov flow almosttransverse to any finite depth foliation. Fenley-Mosher [8] showed that these flows can all be taken to be quasigeodesic. Moreover, Gabai constructed a finite depth foliation containing any given norm-minimizing surface as a compact leaf. This shows that for every Σ as above, there is some quasigeodesic flow X such that |e(X)[Σ]| = −χ(Σ) = Σ T
In particular, every extremal point in the unit ball of the dual Thurston norm can be realized, and therefore the conclusion follows.
